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REMARKS ON 1–MOTIVIC SHEAVES
ALESSANDRA BERTAPELLE
Abstract. We generalize the construction of the category of 1–motives
with torsion tM1 in [2] as well as the construction of the category of
1–motivic sheaves Shv1 in [1] to perfect fields k (without inverting the
exponential characteristic). For k transcendental over the prime field
we extend a result in [1] showing that tM1 and Shv1 have equivalent
bounded derived categories.
Introduction
Let k be a field of characteristic 0. In [1] the authors introduce the category of
1–motivic sheaves Shv1 and show that D
b(Shv1) and the bounded derived category
of 1–motives with torsion Db(tM1) are both equivalent to the thick subcategory
of Voevodsky’s triangulated category of motives DMeffgm(k) generated by motives of
smooth curves. When k is a perfect field of positive characteristic p, the definition
of tM1 in [2] does not work well: for example, it fails to provide an abelian category.
However, it is sufficient to invert p-multiplications to get a Z[1/p]-linear abelian
category ([1], C.5.3). On the other hand, the general definition of the category of
1–motivic sheaves in [1] also requires inverting p-multiplications and an equivalence
result between bounded derived categories still holds ([1], 3.9). As the authors
explain, if one is interested in comparison results with Voevodsky’s category DM,
one can not avoid inverting the exponential characteristic.
In this paper we show that an integral definition of tM1 is possible over any
perfect field k, i.e., without inverting the exponential characteristic, if we allow
finite connected k-group schemes in the component of degree −1 of 1–motives. We
then get an abelian category, still denoted by tM1, that contains the category of
Deligne 1–motives as a full exact subcategory. Moreover, on passing to the fppf
topology, the definition of 1–motivic sheaves works “integrally” over any perfect
field providing the abelian category of 1–motivic (fppf) sheaves Shvfppf1 . For k of
characteristic 0 both constructions are equivalent to those given in [1]. Furthermore,
for k perfect of positive characteristic and transcendental over its prime field, we
show that the categories Db(Shvfppf1 ) and D
b(tM1) are equivalent, i.e., we get an
integral version of [1], 3.9.2, without passing through Voevodsky’s category DM
(cf. 3.6 & 4.3). Our proof only works for fields of characteristic 0 and perfect fields
of positive characteristic that are transcendental over their prime fields because it
requires the existence of semiabelian varieties having non-torsion points. It is not
clear if the comparison result in [1], 3.9.2, holds over a finite field without inverting
the exponential characteristic.
In the final part of the paper we give a useful characterization of 1–motivic sheaves
as quotients of k-group schemes.
This paper is a shortened version of the earlier preprint posted to arXiv. Analo-
gous results for Laumon 1-motives will be studied in [3].
Date: May 24, 2012.
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1. The derived category of 1–motives with torsion
In this section we generalize the construction of the category of 1–motives with
torsion tM1 (cf. [2], [1]) and we study its subcategory M
⋆
1.
Let k be a perfect field and p its exponential characteristic. We say that a k-
group scheme is discrete if it is finitely generated locally constant for the e´tale
topology (cf. [1], 1.1.1). Let CE be the category of commutative k-group schemes Γ
that are products of a discrete group scheme Γe´t by a finite commutative connected
group scheme Γ0. The group Γ contains a maximal torsion subgroup Γtor, so that
Γfr := Γ/Γtor is discrete and torsion free. Observe that it follows from the perfectness
of k that CE is closed under extensions. It suffices to consider the case of an extension
Γ of a discrete group scheme Γe´t by a finite commutative connected group scheme
Γ0 and the case of an extension of Γ0 by Γe´t. For Γe´t finite, the result follows from
the classification of finite commutative k-group schemes; in the case Γe´t torsion free,
if n is the order of Γ0, there are surjective homomorphisms 0 = Ext(Γe´t/nΓe´t,Γ0)→
Ext(Γe´t,Γ0) and 0 = Hom(Γ0,Γe´t/nΓe´t)→ Ext(Γ0,Γe´t).
1.1. Definition. An effective 1–motive with torsion is a complex of k-group schemes
M = [u : L → G] where L is an object in CE and G is semiabelian. An effective
morphism M → M ′ is a map of complexes (f, g), with f : L → L′, g : G → G′
morphisms of k-group schemes. M is said to be e´tale if L is e´tale.
Denote by tMeff1 the category of effective 1–motives with torsion and by
tM
eff ,e´t
1
the full subcategory of e´tale effective 1–motives with torsion. The category M1 of
Deligne 1–motives is the full subcategory of tMeff ,e´t1 consisting of thoseM = [L→ G]
with L torsion-free (cf. [4]).
1.2.Definition. Let Σ be the class of quasi-isomorphisms (q.i) of effective 1–motives
with torsion, i.e., the class of effective maps (f, g) : M →M ′ where g is an isogeny, f
is surjective and ker(f) = ker(g) is a finite group scheme. The category of 1–motives
with torsion tM1 is then defined as the localization of
tMeff1 at Σ. Similarly, the
category of e´tale 1–motives with torsion tMe´t1 is the localization of
tM
eff ,e´t
1 at the
class of quasi-isomorphisms.
For k of characteristic 0 the category tMe´t1 was first introduced in [2] where it was
denoted byM1, and then over any perfect field in [1] where it was denoted by
tM1.
It was proved to be equivalent to the category of Mixed Hodge Structures of level
≤ 1 for k = C (cf. [2], 1.5). For k of characteristic zero, tMe´t1 =
tM1 is an abelian
category (cf. [2], [1]). Over a field k of positive characteristic p, the category tMe´t1
is a subcategory of tM1 that becomes abelian upon inversion of p-multiplications
(cf. [1], C.5.3). Observe that the natural (faithful) functor tMe´t1 →
tM1 has a
left inverse that associates to a 1–motive with torsion M = [u : Γ → G] the e´tale
1–motive with torsion M e´t = [Γ/Γ0 → G/u(Γ0)]. The effective map M → M e´t
becomes an isomorphism upon inversion of p-multiplications and hence the abelian
category tMe´t1 [1/p] is equivalent to
tM1[1/p]. In the sequel we will prove that
tM1
itself is an abelian category.
1.3. Remark. To motivate Definition 1.1, observe that in the characteristic zero
case, starting with an effective 1–motive with torsion M = [L→ G] and an isogeny
g : G′ → G, by pull-back one always gets a q.i. (f, g) : [L′ → G′] → M . Over
fields of positive characteristic this is not always the case if L is required to be a
discrete group because there are isogenies with connected kernel. Therefore one can
generalize the construction of the category of 1–motives with torsion in [2] either
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by inverting p-multiplications, as done in [1], or by allowing non-e´tale finite group
schemes, as we do here.
To show that tM1 is an abelian category, we will follow the analogous proof for
tMe´t1 [1/p] in [1], Appendix C. One can check that all results in Appendix C.1-C.5
of [1] extend to our more general context. For the reader’s convenience we present
some proofs.
1.4. Lemma. The category of Deligne 1–motives M1 and the category of effective
1–motives with torsion tMeff1 both admit finite limits and colimits.
Proof. (cf. [1], C.1.3.) Since we are working with additive categories, it suffices
to show that our categories have kernels and cokernels. For the definition of the
kernel of an effective morphism ϕ = (f, g) take ker(ϕ) = [ker0(f)→ ker0(g)] where
ker0(g) is the reduced subgroup of the identity component of the kernel (as group
schemes) of g and ker0(f) is the pull-back of ker0(g) along ker(f) → ker(g); the
definition makes sense because k is perfect. The cokernel of ϕ is the cokernel as
group schemes in each degree, i.e., [u¯ : coker(f) → coker(g)]. Clearly, if ϕ is a
morphism of Deligne 1–motives, ker0(f) is e´tale and torsion free. As coker(f) is
e´tale but in general not torsion free one takes as cokernel of ϕ in M1 the 1–motive
[coker(f)fr → coker(g)/u¯(coker(f)tor)]. 
We will see now that the class of q.i. admits a calculus of right fractions; hence any
morphism ϕ : M → M ′ in the category tM1 can be represented by a (not unique)
pair (σ, ψ) where σ : M ′′ →M is a q.i., ψ : M ′′ →M ′ is an effective map and ϕσ = ψ
in tM1.
1.5. Lemma. Morphisms in Σ are simplifiable both on the left and on the right.
Proof. (cf. [1], C.2.3.) Let (f, g) ∈ Σ. Since f : L → L′, g : G → G′ are epimor-
phisms, they are simplifiable on the right. Suppose given an effective map (f ′, g′)
with ff ′ = 0, gg′ = 0. Since g is an isogeny, say of degree n, the multiplication by
n on G factors through g and ng′ = 0. Hence g′ = 0; furthermore f ′ = 0 because
f ′, g′ both factor through ker(g) = ker(f). 
1.6. Lemma. Σ is a left multiplicative system and admits a calculus of right frac-
tions.
Proof. (cf. [1], C.2.4.) Let ϕ′ : M ′′ → M ′ be a q.i. and ϕ : M → M ′ an effective
map. For the first assertion, we have to show that there exist an effective map
ψ : M˜ → M ′′ and a q.i. ψ′ : M˜ → M forming a commutative diagram with ϕ and
ϕ′. Define G˜ as the reduced subgroup of the identity component of G×G′ G
′′; since
k is perfect, G˜ is still an algebraic k-group and indeed it is a semiabelian variety
isogenous to G. Define now M˜ := [L˜→ G˜] via pull-back and let ψ,ψ′ be the obvious
maps. Since Σ is a left multiplicative system and its maps are simplifiable on the
left by Lemma 1.5, it admits a calculus of right fractions. 
In order to prove that tM1 is an abelian category, the following notion of strict
morphism will play a key role.
1.7. Definition. An effective morphism ϕ = (f, g) : M → M ′ is strict if g has
smooth connected kernel, i.e., the kernel of g is still semiabelian.
In particular if ϕ is strict and g is an isogeny then g is an isomorphism.
1.8. Proposition. Any effective morphism ϕ = (f, g) : M →M ′ factors as σϕ˜ = ϕ
with σ a quasi-isomorphism and ϕ˜ : M → M˜ strict.
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Proof. (cf. [2], 1.3.) We recall the main ideas of the proof. Let M = [L → G]
and M ′ = [L′ → G′]. It is sufficient to work with the morphism of semiabelian
varieties g : G → G′. Up to dividing G by ker0(g), we may assume that ker(g) is
finite of order n. Define G˜ := G′/g(nG) with nG the kernel of the n-multiplication
on G. Writing down a diagram with horizontal sequences the short exact sequences
of n-multiplication for G and G′, and vertical sequences the exact sequence
0→ ker(g)→ G→ G′ → 0
twice, one checks that the n-multiplication of G′ factors through an isogeny h : G˜→
G′. Moreover g : G → G′ lifts to a monomorphism g˜ : G → G˜ so that g = hg˜. The
1-motive M˜ is then defined via the pull-back of L′ along h. 
1.9. Example. Let n be a positive integer, consider the n-multiplication on Gm and
let µn denote its kernel. The above maps factors as
Gm
(0,id)
→ [µn → Gm]
(0,n)
→ Gm
where the first map is a strict morphism and the second one is a quasi-isomorphism.
Observe that the 1–motive in the middle is not a 1–motive with torsion in the sense
of [2] if n is not invertible in k.
Furthermore, the cokernel in tMeff1 of the 1–motive n : Gm → Gm is trivial, while
the cokernel of (0, id) : Gm → [µn → Gm] is [µn → 0]. Since the map
(0, n) : [µn → Gm]→ Gm
is an isomorphism in tM1, it is clear that we can not expect the functorM
eff
1 →
tM1
to preserve cokernels. However it does preserve cokernels for strict morphisms.
1.10. Lemma. Let ϕ : M →M ′ be a strict effective morphism. Its cokernel coker(ϕ)
in the category tMeff1 remains a cokernel in
tM1.
Proof. (cf. [1], C.5.2.) Let ϕ : M = [L→ G]→M ′ = [L′ → G′] and let ψ : M ′ →M ′′
be a morphism of 1–motives with torsion such that ψϕ = 0 in tM1. We check that
ψ factors uniquely through coker(ϕ) = [L′/L → G′/G], the cokernel of ϕ in the
category tMeff1 . Let s : N
′ → M ′ be a q.i. so that ψs is effective. Let ϕ′ : N → N ′
be an effective map and t : N → M a q.i. such that sϕ′ = ϕt. Note that they
exist by the calculus of right fractions. It is not difficult to check that s, t induce
a q.i. coker(ϕ′) → coker(ϕ). Since ψsϕ′ = 0, the effective map ψs factors uniquely
through coker(ϕ′) and hence ψ too factors through a morphism coker(ϕ) → M ′′ in
tM1. The uniqueness of factorization is proved with similar arguments. 
By contrast, the functor tMeff1 →
tM1 always preserves kernels.
1.11. Lemma. Kernels exist in tM1. The canonical functor
tMeff1 →
tM1 is left
exact and faithful.
Proof. (cf. [1] C.5.1.) The faithfulness follows form Lemma 1.5. The existence of
kernels in tM1 and the left exactness of the above functor follow from the existence
of kernels in tMeff1 (cf. Lemma 1.4) and Lemma 1.6. 
We now prove the main theorem on 1–motives with torsion:
1.12. Theorem. (i) The category tM1 is abelian.
(ii) Every short exact sequence of 1–motives in tM1
0→M ′ →M →M ′′ → 0
can be represented (up to isomorphisms) by a sequence of effective 1–motives
that is exact as sequence of complexes.
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(iii) The natural functor M1 →
tM1 from the category of Deligne 1–motives to
the category of 1–motives with torsion is fully faithful and makes M1 an
exact subcategory of tM1. In particular, given a short exact sequence as in
(ii) with M ′,M ′′ isomorphic to Deligne 1–motives, M is isomorphic to a
Deligne 1–motive (unique up to isomorphisms of Deligne 1–motives).
Proof. (cf. [1], C.5.3, C.7.1 & [2], 1.3.) We start by proving (i). Kernels exist by
Lemma 1.11. For the existence of cokernels, by Proposition 1.8, we may work with
strict effective morphisms ϕ : M → M ′. By Lemma 1.10 the cokernel of ϕ in tM1
exists. Since
coker(kerϕ→M)→ ker(M ′ → coker(ϕ))
is an isomorphism in tMeff1 , it is the same in
tM1 and we are done. Statement
(ii) follows immediately from the proof of (i) on taking a strict “representative” of
M ′ →M . For (iii): Clearly the functorM1 →
tM1 is fully faithful because it has a
left inverse/left adjoint sending M = [u : L → G] to Mfr := [Lfr → G/u(Ltor)]. By
(ii) any short exact sequence of 1–motives in tM1 is represented up to isomorphisms
by a sequence of effective 1–motives that is exact as sequence of complexes. Since
the outer 1–motives are isomorphic to Deligne 1–motives, by a direct computation
one sees that the same holds for the one in the middle. 
All information needed to understand the bounded derived category of tM1 is
encoded in M1 and indeed in the following subcategory M
⋆
1, if k is large enough.
1.13. Definition. Denote by M⋆1 the full subcategory of the category of Deligne
1–motives M1 whose objects are effective 1–motives [u : L → G] with keru = 0
(and L e´tale torsion free).
1.14. Remark. Observe that there are no non-trivial q.i. in M⋆1 and that, by The-
orem 1.12 (iii), the natural functor M⋆1 →
tM1 is fully faithful; hence we may treat
M⋆1 as a full subcategory of
tM1. Moreover, given two quasi-isomorphic 1–motives
with torsion Mi = [ui : Li → Gi], i = 1, 2, ker(u1) is trivial if and only if ker(u2) is
trivial. In particular, M = [u : L → G] is quasi-isomorphic to a 1–motive in M⋆1 if
and only if ker(u) = 0.
If k is a finite field, or more generally a field of positive characteristic and algebraic
over its prime field, then M⋆1 is equivalent to the category of semiabelian varieties.
Indeed there are no injective maps from Z into a semiabelian variety. Under this
hypothesis, the category M⋆1 will be of no use for describing D
b(tM1).
1.15. Lemma. The category of Deligne 1–motives M1 is a generating subcategory
of tM1 closed under kernels and closed under extensions. Suppose that k has char-
acteristic 0 or is transcendental over its prime field. Then M⋆1 too is a generating
subcategory of tM1 closed under both kernels and extensions.
Proof. By the description of kernels in Proposition 1.4 and Lemma 1.11, both M⋆1
and M1 are closed under kernels.
Now M1 is closed under extensions by Theorem 1.12 (ii). For M
⋆
1: let
M• = 0→M ′ →M →M ′′ → 0
be a short exact sequence in tM1 with M
′,M ′′ in M⋆1, by Theorem 1.12 (ii) and
Remark 1.14 the effective 1–motive M = [u : L → G] is, up to quasi-isomorphisms,
a Deligne 1–motive M˜ = [u˜ : L˜→ G˜] and ker(u) = 0. Hence also ker(u˜) = 0 and M˜
is an object of M⋆1.
To see that M1 (respectively M
⋆
1) is generating, we have to show that for any
1–motive with torsion M = [u : L → G] there exists an epimorphism ϕ : M ′ → M
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withM ′ inM1 (respectively inM
⋆
1). We may assume that L is e´tale. Indeed, if L =
L0×Le´t we may always find an embedding v : L0 → B of L0 into an abelian variety
B. Then the 1–motive N = [w : L0 × Le´t → B ×G], with w(x, y) = (v(x), u(x, y)),
is quasi isomorphic to the e´tale effective 1–motive N ′ = [Le´t → B × G/w(L0)]
because L0 embeds into B × G. Furthermore the effective morphism N → M
that is the identity in degree −1 and the projection B × G → G in degree 0 is a
strict epimorphism, hence it remains an epimorphism in tM1 (cf. Lemma 1.10). In
particular, we have an epimorphism N ′ →M in tM1.
Assume then L e´tale. If it is torsion free, M is already a Deligne 1–motive.
Otherwise choose an epimorphism g : L′ → L, with L′ discrete torsion free, and
consider the Deligne 1–motive M ′ = [u ◦ g : L′ → G] and the strict epimorphism
(g, id) : M ′ → M . The latter remains an epimorphism in tM1, which concludes the
proof that M1 is a generating subcategory of
tM1.
To see thatM⋆1 is generating, there remains to verify that there exists an epimor-
phism ϕ : M ′′ → M ′ with M ′′ in M⋆1 and M
′ = [u ◦ g : L′ → G] the 1–motive
constructed above. Observe that there exists a torus H and a monomorphism
h : L′ → H: one may work over a finite separable extension k′ of k so that the
base change of L′ to k′ is isomorphic to Zd. A monomorphism L′×k k
′ → Gdm exists
over k′ because of the hypothesis on k. Then one descends this monomorphism to
k by restriction of scalars. Consider now the 1–motive M ′′ := [u′′ : L′ → H × G],
u′′ = (h, u), that is an object of M⋆1, and the morphism ϕ = (id, pG) : M
′′ → M ′
with pG the usual projection map. Since ϕ is a strict epimorphism, it remains an
epimorphism in tM1 by Lemma 1.10 and we are done. 
2. The category of 1–motivic sheaves
In this section we introduce the category of 1–motivic sheaves Shvfppf1 and we
study its subcategory Shv⋆1.
2.1. Definition. A sheaf F for the fppf topology over Spec(k) is 1–motivic if there
exists a morphism of sheaves b : G → F with G a semiabelian variety over k and
ker(b), coker(b) in CE . The map b is said to be normalized if ker(b) is e´tale and
torsion-free.
Denote by Shvfppf1 the full subcategory of the category of fppf sheaves over Spec(k)
whose objects are the 1–motivic sheaves. Denote by Shvfr1 the full subcategory of
those 1–motivic sheaves with both ker(b) and coker(b) discrete torsion free.
Observe that we have an exact sequence
0→ L
a
→ G
b
→ F
c
→ E → 0(2.2)
with L and E in CE . For k of characteristic 0, the category Shvfppf1 is equivalent to
the category Shv1 defined in [1] (cf. op. cit. 3.3.2). We will explain in Section 4 the
relation between Shv1 and our Shv
fppf
1 over general perfect fields. Denote by Shv
fppf
0
the full subcategory of Shvfppf1 consisting of those F with G = 0; it is equivalent to
CE .
2.3. Proposition. (i) In Definition 2.1 we may choose b normalized.
(ii) Given two 1–motivic sheaves F1,F2, normalized morphisms bi : Gi → Fi,
i = 1, 2, and a morphism of sheaves ϕ : F1 → F2 there exists a unique
homomorphism of group schemes ϕG : G1 → G2 such that ϕ ◦ b1 = b2 ◦ ϕG.
(iii) Given a 1–motivic sheaf F , a morphism b : G→ F as above with b normalized
is uniquely (up to isomorphisms) determined by F .
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(iv) Shvfppf1 and Shv
fppf
0 are exact abelian subcategories of the category of fppf
sheaves over Spec(k).
Proof. (cf. [1], 3.2.3). (i). If b is not normalized one simply divides G by Ltor for
L = ker(b).
For (ii) consider the sequence (2.2) for both Fi, i = 1, 2. As c2ϕb1 = 0, the mor-
phism ϕ induces a morphism ϕE : E1 → E2 and hence a morphism G1 → G2/L2.
Since Ext1(G1, L2) = 0 (cf. [6], VIII, 3.4.2 & 5.5), we get a morphism ϕG : G1 → G2
and hence a ϕL : L1 → L2. The map ϕG is unique because Hom(G1, L2) = 0.
(iii) follows from (ii). The assertion in (iv) is clear for Shvfppf0 . For Shv
fppf
1 one
checks directly that the kernel and the cokernel of a morphism of 1–motivic sheaves
ϕ : F1 → F2 are still 1–motivic: one considers b3 : G3 → ker(ϕ) with G3 the re-
duced subgroup of the identity component of the kernel of ϕG : G1 → G2, and
b4 : coker(ϕG)→ coker(ϕ). An easy diagram chase shows that kernels and cokernels
of b3 and b4 are in CE . 
We now introduce a full subcategory of the category of 1–motivic sheaves that
will play the “dual role” of M⋆1 for
tM1.
2.4. Definition. Denote by Shv⋆1 the full subcategory of Shv
fppf
1 consisting of those
sheaves F such that there exists a b : G → F with b an epimorphism, i.e., E =
coker(b) = 0.
For k algebraic over a finite field, Shv⋆1 is equivalent to the category of semiabelian
varieties while Shvfppf1 is the category of those fppf sheaves that are extensions of a
sheaf E in CE by a semiabelian variety; in particular they are always representable
by a k-group scheme (cf. [8], III, 4.3).
2.5. Lemma. For a 1–motivic sheaf F there exist unique (up to isomorphisms) F⋆
in Shv⋆1, E in Shv0 and an exact sequence
0→ F⋆ → F → E → 0.
Proof. With notations as in (2.2), simply take E = coker(b) and F⋆ = coker(a). 
Consider now the following diagram:
M1
d // tM1
H0 // Shvfppf1
M⋆1
ι
OO
H0 // Shv⋆1
OO
(2.6)
where the vertical arrows and d are the usual inclusion functors. The functor H0
maps a 1–motive with torsion M = [u : L → G] to the 1–motivic sheaf coker(u) =
H0(M). This sheaf is always in Shv
⋆
1.
The following results motivates the introduction of the subcategory Shv⋆1.
2.7. Lemma. The functor H0 provides an equivalence of categories between M
⋆
1 and
Shv⋆1.
Proof. It follows immediately from Proposition 2.3 that H0 : M
⋆
1 → Shv
⋆
1 is fully
faithful. It is also essentially surjective. Indeed, given a 1–motivic sheaf F in
Shv⋆1 and a normalized morphism b : G → F as in (2.2), the Deligne 1–motive
[u : ker(b)→ G] satisfies ker(u) = 0 and coker(u) = F . 
The “dual” of Lemma 1.15 holds:
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2.8. Lemma. The category Shvfr1 is a cogenerating subcategory of Shv1 closed under
cokernels and closed under extensions. If k has characteristic 0 or if it is transcen-
dental over its prime field, the same holds for Shv⋆1.
Proof. The only non-trivial fact is that the subcategory Shvfr1 (respectively Shv
⋆
1) is
cogenerating, i.e., that for any 1–motivic sheaf F as in (2.2) there exists a F ′ in
Shvfr1 (respectively in Shv
⋆
1) and a monomorphism ϕ : F → F
′.
Suppose b : G → F in (2.2) normalized. Let F˜ be the pull-back of F along
Etor → E. We have b˜ : G → F˜ whose kernel is still L and the cokernel is Etor.
Furthermore we have a short exact sequence
0→ F˜ → F → Efr → 0.
To show that Shvfr1 is cogenerating, it is sufficient to show that F˜ embeds into a
sheaf G in Shv⋆1: the push-out of F along F˜ → G provides then a monomorphism
F → F ′ with F ′ in Shvfr1 because extension of Efr by G.
By Proposition 4.7, F˜ is coker(L → F0) with F0 an extension of Etor by G. We
show that F0 embeds into a semiabelian variety G˜: Denote by nF0 the kernel of the
n-multiplication on F0, and similar notation for nG. Then nF0 is extension of Etor
by nG, hence finite, and F0/nF0 ∼= G. Choose an embedding f : nF0 → B into an
abelian variety B and let f ′ : F0 → G˜ be the push-out of F0 along f . Since G˜ is
an extension of G by B it is a semiabelian variety. Define now G = coker(L → G˜)
and choose the embedding ϕ˜ : F˜ → G induced by F0 → G˜. As explained above ϕ˜
provides a monomorphism F → F ′ with F ′ in Shvfr1 .
To show that Shv⋆1 is cogenerating we may suppose then that F is in Shv
fr
1 , i.e.,
E is e´tale and torsion free. Consider the diagram (4.9) describing F as cokernel
of a morphism F1 → F0 where F0 is extension of a discrete group Γ = F0/G by
G. Such an extension splits over a suitable finite separable extension k′ of k. Let
f : Spec(k′)→ Spec(k) be such that f∗F0 = F0,k′ is isomorphic to Gk′×Γk′. We may
assume that Γ is constant over k′. Embed Γk′ into a semiabelian variety Hk′ over
k′. This is possible because of the assumptions on k. We get then a monomorphism
Γ → f∗Hk′, where f∗Hk′ is still a semiabelian variety, namely the Weil restriction
of Hk′. Moreover, G → f∗f
∗G is a monomorphism. Hence we have a composition
of monomorphisms F0 → f∗f
∗F0 → (f∗f
∗G) × f∗Hk′ where the latter scheme is
semiabelian. Define now F ′ in Shv⋆1 as the cokernel of F1 → (f∗f
∗G) × f∗Hk′; by
construction F embeds into F ′. 
3. Equivalence on bounded derived categories
In this section we derive results on the bounded derived categories of tM1 and
Shvfppf1 . For conciseness let (∗) denote the following hypothesis:
(∗) k has characteristic zero or it is transcendental over its prime field.
In order to see that H0 induces an equivalence between the bounded derived cate-
gories of tM1 and Shv
fppf , we check the following facts:
3.1. Lemma. Assume condition (∗). Let N b(Shv⋆1) denote the full subcategory of
Kb(Shv⋆1) consisting of complexes that are acyclic as complexes of 1–motivic sheaves.
The natural functor
Kb(Shv⋆1)/N
b(Shv⋆1)→ D
b(Shvfppf1 )
is an equivalence of categories.
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Proof. This follows from Lemma 2.8 and [7], Lemma 13.2.2. 
Similarly, with Shvfr1 in place of Shv
⋆
1, but with no conditions on k one has
3.2. Lemma. Let N b(Shvfr1 ) denote the full subcategory of K
b(Shvfr1 ) consisting of
complexes that are acyclic as complexes of 1–motivic sheaves. The natural functor
Kb(Shvfr1 )/N
b(Shvfr1 )→ D
b(Shvfppf1 )
is an equivalence of categories.
3.3. Lemma. Assume condition (∗). Let N b(M⋆1) be the full subcategory of K
b(M⋆1)
consisting of complexes that are acyclic as complexes of 1–motives with torsion. The
natural functor
Kb(M⋆1)/N
b(M⋆1)→ D
b(tM1)
is an equivalence of categories.
Proof. By Lemma 1.15 the “dual” conditions required in [7], 13.2.2 ii), are satisfied.
One checks that the “dual” statement of [7], 13.2.1, holds as well, and hence one
can apply [7], 10.2.7 ii). 
Similarly, with M1 in place of M
⋆
1, but with no conditions on k one has
3.4. Lemma. Let N b(M1) denote the full subcategory of K
b(M1) consisting of com-
plexes that are acyclic as complexes of 1–motives with torsion. The natural functor
Kb(M1)/N
b(M1)→ D
b(tM1)
is an equivalence of categories.
There remains the verification that the functor H0 preserves the exactness struc-
tures.
3.5. Lemma. Let M• be a complex in Kb(M⋆1). Then M
• ∈ N b(M⋆1) if and only if
H0(M
•) ∈ N b(Shv⋆1). In particular H0 induces an equivalence of categories
Kb(M⋆1)/N
b(M⋆1)→ K
b(Shv⋆1)/N
b(Shv⋆1).
Proof. Let M• : (· · · →M i
di
→M i+1 → · · · ) be a complex in Kb(M⋆1). Observe that
ker(di) ∈M⋆1 by Lemma 1.15.
If M• is acyclic in Kb(tM1), up to isomorphisms, coker(d
i) is in M⋆1, where
coker(di) denotes here the cokernel of di in tM1. Hence, in order to prove that
H0(M
•) is an acyclic complex in Shvfppf1 it is sufficient to check the case of a short
exact sequence M•. By Theorem 1.12 (ii) the sequence M• is represented up to q.i.
by a sequence 0→ M˜0
d0
→ M˜1
d1
→ M˜2 → 0 of effective 1–motives M˜ i = [u˜i : L˜i → G˜i]
that is exact as sequence of complexes; moreover ker(u˜i) = 0 by Remark 1.14. Now,
H0(M
•) is the sequence 0 → coker(u˜0) → coker(u˜1) → coker(u˜2) → 0 and this is
exact because of the usual ker-coker sequence.
Let M• ∈ C [r,s](M⋆1) and suppose that H0(M
•) is acyclic in Kb(Shvfppf1 ). We
prove that M• is acyclic by induction on s− r. Suppose first that s− r = 2, i.e.,
M• : 0→M r
dr
→M r+1
dr+1
→ M s → 0.
By direct computations one sees that dr is a strict monomorphism, dr+1 is an epi-
morphism and the cokernel of dr in tMeff1 is q.i. to M
s. Hence M• is exact in tM1.
Suppose now that the result is true for s− r = n ≥ 2 and assume s− r = n + 1.
Put
Ki = ker(H0(d
i)) = coker(H0(d
i−2));
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it is a sheaf in Shv⋆1 because the category Shv
⋆
1 is closed under cokernels. Let M˜
i
be the unique (up to isomorphisms) 1–motive in M⋆1 so that H0(M˜
i) = Ki. The
morphism di−1 factors through M˜ i by Proposition 2.3 (ii). It follows from the case
s− r = 2 that the complexes
0→ M˜ s−2 →M s−2 → M˜ s−1 → 0, 0→ M˜ s−1 →M s−1 →M s → 0
are exact, in particular M• is exact at M s and M s−1. To conclude one applies the
induction hypothesis to the complex 0→M r → · · · →M s−2 → M˜ s−1 → 0. 
Observe that a monomorphism ϕ in M⋆1 may not produce a monomorphism in
Shv⋆1 if the cokernel of ϕ in
tM1 is not isomorphic to an object in M
⋆
1. As a
counterexample consider the p-multiplication on Gm.
In view of the foregoing lemmas our main result generalizing [1], 1.6.1 and 3.9.2
now follows immediately:
3.6. Theorem. Set Db(M1) :=K
b(M1)/N
b(M1). If k has characteristic zero or if
it is transcendental over its prime field, we have canonical equivalences of categories
Db(M1) ∼= D
b(tM1) ∼= D
b(Shvfppf1 ).
3.7. Remark. We have already seen that for finite fields, or more generally algebraic
extensions of finite fields, the categories M⋆1 and Shv
⋆
1 are both equivalent to the
category of semiabelian varieties. They then have “not enough objects” to encode all
information needed to describe the bounded derived categories of tM1 and Shv
fppf
1 .
By Lemmas 3.2 & 3.4 the categories M1 and Shv
fr
1 would be good candidates over
any field; unfortunately we do not see any equivalence between them.
3.8. Remark. For X a smooth projective k-variety the sheaf PicX/k is clearly 1–
motivic since it is representable by a group scheme of finite type whose reduced
identity component is an abelian variety. In [1], 3.4.1, the authors prove that the
relative Picard functor is 1–motivic for the e´tale topology as soon as X is smooth
over k, i.e., with the notations in (4.1) pi∗PicX/k is a sheaf in Shv
e´t
1 . Unfortunately
the proof in [1], 3.4.1, does not work in the fppf context and it is not clear at the
present if a similar result holds for the fppf topology.
4. Further results on 1–motivic sheaves.
In this section we describe the relation between our definition of 1–motivic sheaves
and the definition given in [1]. Furthermore we present an alternative definition of
1–motivic sheaves as cokernels of morphisms of group schemes F1 → F0 where F1 is
an object in CE , i.e., product of a discrete group by a finite connected commutative
group scheme, and F0 is a commutative k-group scheme extension of an object of
CE by a semiabelian variety.
Comparison of topologies. Let Shv′1 be the full subcategory of Shv
fppf
1 whose
objects are sheaves F as in (2.2) with L,E discrete. It coincides with Shvfppf1 in
characteristic 0. Denote by Sm/k the category of smooth separated k-schemes. Let
Shve´t1 be the category of e´tale sheaves on Sm/k that fit in a sequence like (2.2) with
G semiabelian, L, E discrete. The definition of the category of 1–motivic sheaves
Shv1 in [1] is, with our notations,
Shv1 := Shv
e´t
1 [1/p].
Denote by Shve´t,⋆1 the full subcategory of Shv
e´t
1 consisting of those sheaves with
E = 0. Let pi : (Sch/k)fppf → (Sm/k)e´t be the usual morphism of sites and consider
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the following diagram
Shv⋆1 // Shv
′
1
// Shvfppf1
// Sh((Sch/k)fppf)
Shve´t,⋆1
π∗
OO
// Shve´t1
π∗
OO
// Sh((Sm/k)e´t)
π∗
OO
(4.1)
4.2. Lemma. The functors pi∗ : Shve´t1 → Shv
′
1 and pi
∗ : Shve´t,⋆1 → Shv
⋆
1 are equiva-
lences of categories with quasi-inverse pi∗.
Proof. (See also [1], 3.3.2). First of all observe that for X a smooth k-scheme one
has pi∗X = X (proof as in [8], p. 69). Furthermore, pi∗pi
∗X = X. Indeed, let U be a
smooth k-scheme. Then Γ(U, pi∗pi
∗X) = Γ(U, pi∗X) by definition of pi∗; we have just
seen that the latter group equals Γ(U,X) and this does not change when working
with the e´tale or the flat topology.
Moreover Ripi∗X = 0, i > 0, for X a smooth k–group scheme. Indeed R
ipi∗X = 0
if for all smooth k–schemes S one has Hi(Se´t,X) = H
i(Sfppf ,X), and this last fact
follows from [5], 11.7. In particular, for F in Shv′1, one has R
ipi∗(G/L) = 0 =
Ripi∗(F), i > 0.
We start by showing that pi∗pi∗ is naturally isomorphic to the identity on Shv
′
1.
Let F be a 1–motivic sheaf in Shv′1. By Proposition 4.7, F = F0/F1 with F0, F1
smooth group schemes over k, F1 discrete. Since R
1pi∗F1 = 0, we have that
pi∗F = pi∗F0/pi∗F1 = F0/F1 is an object of Shv
e´t
1 (cf. Remark 4.10). Now, pi
∗pi∗F =
pi∗pi∗F0/pi
∗pi∗F1 by the right exactness of pi
∗. In particular, pi∗pi∗F = F .
We now show that pi∗pi
∗ is naturally isomorphic to the identity on Shve´t1 . Let
F be an object in Shve´t1 . By Remark 4.10, F = F0/F1 with F0, F1 smooth k–
group schemes. Now, since pi∗ is right exact, pi∗F = pi∗F0/pi
∗F1 = F0/F1 is
an object of Shv′1 (cf. Proposition 4.7). Furthermore, since R
1pi∗F1 = 0, F =
F0/F1 =pi∗pi
∗F0/pi∗pi
∗F1 =pi∗pi
∗F . 
4.3. Proposition. (i) The category Shve´t1 (respectively Shv
e´t,⋆
1 ) is equivalent to
the full subcategory Shv′1 (respectively Shv
⋆
1) of Shv
fppf
1 . The subcategory Shv
′
1
is cogenerating and closed under cokernels.
(ii) Denote by N b(Shv′1) the bounded complexes of objects in Shv
′
1 that are acyclic
as complexes of 1–motivic sheaves. The natural functor
Kb(Shv′1)/N
b(Shv′1)→ D
b(Shvfppf1 )
is an equivalence of categories.
(iii) If chark = 0 or if k is transcendental over its prime field, we have an equiv-
alence of categories.
Kb(Shve´t1 )/N
b(Shve´t1 )→ D
b(Shvfppf1 )
∼= Db(M1).
Proof. The equivalence results in (i) were proved above. Since Shv′1 contains Shv
⋆
1,
it is cogenerating. Hence (ii) can be proved in the same way as Lemma 3.1. For
(iii), we have the following equivalences
Kb(Shve´t1 )/N
b(Shve´t1 )
∼= Kb(Shv
e´t,⋆
1 )/N
b(Shve´t,⋆1 )
∼= Kb(Shv⋆1)/N
b(Shv⋆1)
∼= Db(Shv
fppf
1 )
∼= Db(M1),
where the first equivalence is due to [7], 10.2.7, and the second equivalence is due to
the fact that both pi∗ on Shve´t,⋆1 and pi∗ on Shv
⋆
1 are exact functors. The remaining
equivalences were proved in Lemma 3.1 and Theorem 3.6. 
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4.4. Remark. Observe that Db(Shvfppf1 [1/p]) is equivalent to the thick subcategory
d≤1DM
eff
gm,e´t of Voevodsky’s triangulated category of motives generated by motives of
smooth curves. Indeed the inclusion functor Shv′1 → Shv
fppf
1 provides an equivalence
of categories Shv′1[1/p] → Shv
fppf
1 [1/p] because any sheaf in Shv
fppf
1 associated to a
finite group scheme of order a power of p is isomorphic to 0 in Shvfppf1 [1/p]; in
particular, we are killing the connected component of E in (2.2). To conclude one
recalls that Shv′1[1/p] is equivalent to Shv
e´t
1 [1/p] by Proposition 4.3 (i) and that
Db(Shve´t1 [1/p]) is equivalent to d≤1DM
eff
gm,e´t by [1], 3.9.2. Observe that the latter
category is Z[1/p]-linear by [9], 3.3.3.
Alternative definition of 1–motivic sheaves. We now see that any 1–motivic
sheaf admits a presentation as cokernel of a morphism F1 → F0 of group schemes
where F1 is discrete and the reduced subgroup of the identity component of F0 is
semiabelian. This fact was used to prove Lemma 2.8 and Proposition 4.3. We start
by showing some vanishing results for 2-fold extensions.
4.5. Lemma. Let N be a finite connected commutative group scheme over k and L
a discrete group. Then Ext2(N,L) = 0
Proof. Let n be the order of N and Ext1(N,L/nL)→ Ext2(N,L) the boundary map
deduced from the exact sequence 0→ L→ L→ L/nL→ 0. This homomorphism is
surjective and the first group is trivial over a perfect field. 
4.6. Lemma. Let E,L be discrete groups. Any 2-fold extension as in (2.2) becomes
trivial after pull-back along a suitable epimorphism E˜ → E of discrete groups.
Proof. It is sufficient to prove that any extension η : 0→ G/L→ F → E → 0 splits
after pull-back along a suitable epimorphism of discrete groups E˜ → E (cf. [1], 3.7.5,
Step 1).
First of all observe that E becomes constant after base change to a suitable
finite Galois extension k′ of k, and that if we write f : Spec(k′) → Spec(k) for the
corresponding morphism of schemes, the base change functor f∗ is exact, i.e., f∗η
provides a 1–motivic sheaf over k′. Up to enlarging k′, we may assume that the
extension η splits over k′: if Ek′ is torsion free, this follows from the fact that any
element in Ext1(Z, G) = H1fppf(k
′, G) = H1e´t(k
′, G), becomes trivial over a suitable
finite Galois extension of k′ and similarly for H2e´t(k
′, L); if Ek′ is n-torsion, one uses
the fact that any element in Ext1(Z/nZ, G), as well as any element in Ext2(Z/nZ, L),
becomes trivial over a suitable finite Galois extension of k′. Let g : Ek′ = f
∗E → f∗F
be a splitting of η over k′. Let
N :
∏
σ∈Gal(k′/k)
Eσk′ = f
∗f∗Ek′ → Ek′ , (aσ)σ →
∑
σ
aσ.
This homomorphism descends to the trace map (cf. [8], V, 1.12) f∗Ek′ → E which is
an epimorphism of discrete groups. Furthermore, g ◦ N descends to a trivialization
of the pull-back of η along the trace map. 
The following proposition provides an alternative definition of 1–motivic sheaves.
4.7. Proposition. An fppf sheaf F on k is 1–motivic if and only if
F = coker(F1
u
→ F0)(4.8)
where F1 is a discrete group scheme, F0 is an extension of an object in CE by a
semiabelian group scheme G and u is a monomorphism.
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Denote by L the pull-back of F1 to G; we then have a diagram
0 // L // _

G //
b
##❋
❋
❋
❋
❋
❋
❋
❋
❋
 _

F⋆ // _

0
0 // F1

u // F0 //

F //

0
0 // F1/L // F0/G // E // 0
(4.9)
For a 1–motivic sheaf F one can always find a presentation F1 → F0 as above with
F1 e´tale and torsion free. If k is algebraically closed or E is connected, there exists
a diagram as above with F1/L = 0.
Proof. The if part follows from diagram (4.9). For the converse, suppose b : G→ F
normalized. Let η be the 2-fold extension in (2.2). If η is isomorphic to the trivial
extension, then F is (isomorphic to) the push-out along G → G/L =: F⋆ of an
extension F0 of E by G and we get a diagram as above with F1/L = 0. By Lemma 4.5
this is the case if E is finite connected. There remains only to check the case E = E e´t
e´tale. By Lemma 4.6, there exists an epimorphism E˜ → E such that the class of
the pull-back 0 → L → G → F˜ → E˜ → 0 of η along E˜ → E is trivial and then, as
explained above, F˜ = coker(L→ F0) with F0 extension of E˜ by G. Furthermore the
composition F0 → F˜ → F remains an epimorphism whose kernel F1 is extension of
ker(E˜ → E) by L. 
4.10. Remark. The previous Proposition also holds for the categories Shve´t1 and
Shve´t1 [1/p]. Hence an e´tale sheaf F on Sm/k is 1–motivic in the sense of [1] if and
only if F fits into a diagram as above with F1 discrete and F0 a smooth commutative
k-group with semiabelian identity component. Indeed in [1], 3.7.5, it is shown that
one can always find such a presentation with F0 a split extension of its component
group by its identity component. Furthermore, in [1], 1.3.8, it is shown that the e´tale
sheaves associated to the group schemes F0, F1 in (4.9) are objects of the category
HIe´t, i.e., homotopy invariant e´tale sheaves with transfers over k. One can then
construct a functor ρ : Shve´t1 → HIe´t mapping F to coker(F1 → F0). As a sheaf, this
cokernel is still F and by [1], 3.8.2, its transfer structure does not depend on the
presentation. Inverting p-multiplications, the functor ρ induces the full embedding
Shv1 := Shv
e´t
1 [1/p]→ HIe´t[1/p] studied in [1], 3.8.1.
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